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STRONG GRAVITATIONAL LENSING BY SCHWARZSCHILD BLACK HOLES
G. S. Bisnovatyi-Kogan1,2,3 and O. Yu. Tsupko1,3
The properties of the relativistic rings which show up in images of a source when a black hole lies between the
source and observer are examined.  The impact parameters are calculated, along with the distances of closest
approach of the rays which form a relativistic ring, their angular sizes, and their "magnification" factors,
which are much less than unity.
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1. Introduction
One of the basic approximations in the theory of gravitational lensing [1, 2] is the approximation of weak lensing,
i.e., small deflection angles. In the case of Schwarzschild lensing by a point mass, this approximation means that the
impact parameters for incident photons are much greater than the Schwarzschild radius of the lensing system.  In most
astrophysical situations involving gravitational lensing, the weak lensing condition is well satisfied and it is possible to
limit oneself to that case.
In some cases, however, strong lensing effects and those associated with large deflection angles are of interest.
Some effects associated with taking the motion of photons near the gravitational radius of a black hole into account, have
been discussed before [3, 4].  An explicit analytic expression for the deflection angle in a Schwarzschild metric have been
derived in the strong field limit [5, 6].  In this paper we investigate effects arising from the strong distortion of isotropic
radiation from a star by the gravitational field of a black hole.
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2.  Multiple rings around a black hole
Let us consider the motion of a photon in the neighborhood of a black hole with a Schwarzschild metric.  We
shall work with a system of units in which the Schwarzschild radius MRS 2=  (G = 1, c = 1), where M is the mass of the
black hole.  The Schwarzschild metric is given by
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The equations for the radius r and for the angular ϕ  and temporal t coordinates, which determine the orbit of
the photon in the Schwarzschild metric, can be written as [7]
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Here ( ) ( ) ( )( )rMrrB 211 22 −=−  is the effective potential and b is the impact parameter.  The shape of the orbit of a
photon incident from infinity on a black hole is determined [7] by its impact parameter b.  A detailed analysis of the photon
orbits for all values of the impact parameter can be found elsewhere [8].
1.  If Mb 33< , then the photon falls to RS = 2M and is absorbed by the black hole.
2.  If Mb 33> , then the photon is deflected by an angle α
)
 and flies off to infinity.  Here there are two
possibilities:
(a) If Mb 33>> , then the orbit is almost a straight line with a small deflection by an angle RM4=α) , where
R is the distance of closest approach.  This is the case customarily examined in the theory of weak gravitational lensing,
when the impact parameter is much greater than the Schwarzschild radius of the lens.
(b) If 1330 <<−< Mb , then the photon makes several turns around the black hole near a radius r = 3M and flies
off to infinity.
It is easy to determine the distance of closest approach R to the black hole, defined by the condition 0=λddr
and b = B(R), using Eq. (2).  The impact parameter b and the distance of closest approach R are related by
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Obviously, the critical value Mb 33=  corresponds to a distance of closest approach equal to R = 3M.  In the case of
large impact parameters, Mb >> , the deflection angle for a photon incident from infinity is RM4=α
)
 [9] and, Eq. (5)
implies that ( )RMRb +≈ 1 , i.e., the impact parameter and the distance of closest approach are almost the same [8].
The exact deflection angle in a Schwarzschild metric can be derived from Eqs. (2) and (3).  It is easy to see that
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A rectilinear ray corresponds to a change in the angular coordinate of the trajectory by pi , so that, Eq. (5) implies that
the deflection angle of a photon as a function of the mass M and radius R of closest approach is
. 
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An algorithm for calculating the exact deflection angle ( )Mbα)  is given in Ref. 7.  It is based on representing the integral
in Eq. (7) as an elliptic integral
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An expression for the exact deflection angle in terms of elliptical integrals was first given in Ref. 8.  A detailed procedure
for reducing the integral of Eq. (7) to an elliptic integral of the first kind, F(z,k), is given in the Appendix.  An abridged
form of this procedure can be found in Ref. 8.
Thus, the exact deflection angle ( )Mbα)  is calculated as follows. [7]  We represent an elliptic integral of the first
kind in the form
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1.  Choose a value r = R for the Schwarzschild coordinate of the point of closest approach.
2.  Calculate the impact parameter using the formula ( )232 −= RRb .
3.  Calculate Q using the formula ( )( )622 +−= RRQ .
4.  Determine the modulus of the elliptic integral of the first kind, k, using the formula ( ) QRQk 262 −+= .
5.  Determine  from the relation ( ) ( )RQRQmin −+−+=ϕ 62sin 2 .
6.  Then the total deflection will be equal to
( ) ( ) ( )[ ] .  ,sin ,14 21 pi−ϕ−=α kFkFQR min) (11)
Note that if the value of the impact parameter is close to the critical value ( Mb 33≈ , Mb 33> , 13 <<− MR ), then
a photon incident from infinity undergoes one or more revolutions around the black hole at Mr 3≈  and then escapes
to infinity.  In this case (the strong deflection limit) the deflection angle can be written in the form [5,8]
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The corresponding impact parameter b can be found by expanding Eq. (5) in a series up to the quadratic terms in the
small parameter (R – 3M). The impact parameter is then equal to [8]
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Using this expression, we can write the deflection angle as a function of the impact parameter b in the form
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where Mbcr 33=  is the critical value of the impact parameter that distinguishes photons which fall into the black hole
from those which escape to infinity.  This last expression for the deflection angle is the same as the one in Ref. 6.
Let the source, lens, and observer lie along a straight line (Fig. 1).  The theory of gravitational lensing shows that
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Fig. 1.  The deflection of a ray of light when the
source, lens, and observer lie on a straight line.
The trajectory of the ray was calculated using Eqs.
(2) and (3) for the following values of the
parameters: RS = 2, R = 7, 38.b ≈ , Dd = 32, and
Dds = 16.
in this case a circle, known as the Einstein ring, is formed [1].  Inside this "main" ring there are rings formed by photons
which have been deflected by ... ,6 ,4 ,2 pipipi ; these rings are sometimes referred to as relativistic rings (Fig. 2).  Equating
α
)
 to ... ,6 ,4 ,2 pipipi , we find that these relativistic rings are localized at the impact parameters
...100.791 ,100.423 27,0.00000002 0.0000121, ,00653033 -13-10 ⋅⋅=− .Mb
The first two terms are given in the book by Misner et al. [7]  The corresponding distances of closest approach are
... ,100.302 ,100.699 0.000162, 0.00375, ,090203 -6-5 ⋅⋅=− .MR
It must be noted that, in reality, for the case in which the source, observer, and lens lie on a single straight line, a photon
must be deflected by an angle that is not exactly equal to npi2 , but slightly greater, so that b and R are smaller by a
small correction which we shall ignore, as is done in Ref. 7.  The fact that the deflection angle differs from npi2  is taken
into account in deriving the formulas for the flux from the relativistic rings, where these corrections are of fundamental
importance, since they determine the thickness of a ring owing to the fact that the rays are deflected at different angles.
The values of the impact parameters can also be obtained using the strong field approximation, i.e., Eq. (14).  Using
the equation ( ) nb pi=α 2)  (n = 1, 2, 3, ...), we obtain the following values of nb :
( ) . 400230, 1 121 .Cebb nCcrn −=+= pi− (15)
Calculations with this formula show that the strong field approximation yields an accuracy of about 0.4% for the first
relativistic ring and better than that for the other rings.
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Fig. 2.  The Einstein ring and relativistic rings.
The angular size of a ring (the angle between the lines passing through the observer and the lens (black hole)
and the direction of the image of the source (ring)) is given by dDb=θ , where Dd is the distance between the observer
and the lens [1].  We now find the angular size 0θ  of the main ring.  Figure 1 shows that the following relationship exists
between the angles:
. 0 α=ε+θ
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The impact parameter b is related to the angles 0θ  and ε  by
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Now we express the deflection angle α)  in terms of the angle 0θ , using the weak deflection approximation, MR~b 2>>− :
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Substituting for the angle ε  from Eq. (17) and for the deflection angle (18) in Eq. (16) we obtain an equation for 0θ :
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Then, given that sdsd DDD =+ , we obtain
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where D
s
 is the distance from the observer to the source and Dds is the distance between the lens and the source.  The
angular sizes nθ  of the relativistic rings are given by Eqs. (17) and (15), together with the relationships npi=α 2)  and
( )nCcr ebb pi−+= 211  for the relativistic rings, as
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In the simplest model of a point Schwarzschild gravitational lens (in the weak deflection approximation) the source is
treated as a point.  If the source, lens, and observer do not lie on a straight line, then two images of the source are formed,
and their angular positions and flux magnifications relative to an unlensed source can be calculated [1].  Besides the two
images obtained in the weak field limit, two sequences of images of a point source are formed on different sides of the
lens owing to photons which undergo one or more turns around the lens.  The positions of these images can be calculated
using the exact expression for the strong field limit, as well as the exact expression for the deflection angle.  The strong
field limit makes it possible to calculate both the angular position of the images and their magnifications [5,8].  On the
other hand, in the case where the source, lens, and observer lie on a straight line, treating the source as a point is not
suitable, since that leads to a divergence (infinite magnification).  To calculate the flux gain in this case it is necessary
to consider a source of finite size, rather than a point source.  Given that the source is circular, with a uniform surface
luminosity and a specified finite angular size, the flux gain can be calculated [1].  The fluxes from the relativistic rings
resulting from strong lensing of the source can be treated in a similar way.
The flux from the source is determined by its surface brightness and the solid angle it occupies in the sky.  Since
the gravitational deflection of light does not involve emission or absorption, the intensity of the radiation remains constant
along a beam.  In addition, the gravitational deflection of light by a local, essentially static lens does not introduce an
additional shift in frequency.  Thus, the surface brightness of an image of a lensed source is equal to the brightness of
the image in the absence of the lens.  Consequently, the ratio of the fluxes in the images of a lensed and a nonlensed
source is determined by the ratio of the solid angles of these sources in the sky [1], i.e., by the ratio of the areas of the
corresponding images on a photographic plate or CCD array (in the case of ideal imaging).  The ratio
( )0ω∆
ω∆
=µ
where ( )0ω∆  and ( ω∆ ), respectively, denote the visual solid angles of the unlensed and lensed sources, is referred to
as the magnification factor.
We now find the magnification factor for the main image of a circular source with angular radius β  and uniform
brightness lying in a straight line with a lens and an observer.  The image of the source is an annulus.  We introduce
0θβ=y , the ratio of the angular size of the source to the angular size of the main ring.  The unlensed source occupies
a solid angle of ( ) 20220 θpi=piβ=ω∆ y .  It can be shown [1] that in the weak lensing limit, a circular source transforms
into a ring with the following inner and outer angular radii: ( )yyin −+θ=θ 42 20  and ( )yyout ++θ=θ 42 20 .  Thus,
the solid angle occupied by the ring is
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Thus, the magnification factor 0µ  for the main ring is
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We now find the flux "magnification" for the relativistic rings of this source.  It can be shown, with using of Ref. 10,
that the n-th relativistic ring will have the following inner and outer angular radii:
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Thus, the "magnification" factors nµ  of the relativistic rings are given by
( )
. 
14 2
β
θ−θ
=µ nnnnn
AA (26)
The term
, 121 <<=θ pi− nCcr
dds
s
nn ebDD
D
A (27)
so that, to great accuracy, we have
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After some transformations, we obtain
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Using the expressions for ( ) Scr RMb 23333 ==  and sDR∗=β , where ∗R  is the source radius, we obtain
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For a distant quasar with ⁄MM
910=∗ , ( )2215 cGMRRR SS ∗∗∗∗ == , 310=dsD Mpc, Dd = 3 Mpc, dss DD ≈ , and a
lens of mass ⁄MM
710= , we obtain
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For the same quasar with a lens of mass 
⁄
MM 20=  and Dd = 1 kpc, we obtain
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The large magnification 0µ  follows from the small dimensions of the source and the assumption that the source,
lens, and observer are on a straight line.  For a point source lying on a straight line with the observer and the lens, the
magnification goes to infinity because of the assumption that the source is a point and the use of the approximation of
geometric optics.  If, on the other hand, we consider a source with a finite angular size, rather than point sources, then
the infinite magnification becomes finite, but increases as the source size decreases.  On the other hand, for small sources,
it becomes important to account for various effects, primarily wave effects, which actually lower the magnification factor
[2].
A general formula for the magnification factor of a finite diameter sources is given in Ref. 5.  The approximation
of deflection by an angle npi2  is used there, while small deviations from these angles are neglected, and the magnification
coefficient is found by integrating the formulas for point sources, rather than by the "geometric" approach employed here.
Equation (29) is the same as the expression which can be obtained from the general formula for a source of finite size
in Ref. 5.
3.  Radiation diagram for a point source located near a black hole
Let us examine in more detail the influence of the field of a black hole lying on a straight line with the observer,
on the angular distribution of the radiation of a star (Fig. 1).  Let us draw an arbitrary plane passing through the star
perpendicular to the line Dds.  We shall say that emitted photons have flown "upward" if they end up in the upper half
plane at a large distance from the star.  The photons have flown "downward" if the end up in the lower half plane.  In
the absence of a black hole, the star radiates isotropically.  Thus, equal fractions of the radiation go "up" and "down"
(Fig. 3a, where the photons moving "upward" and "downward" are indicated by different shading).
When a black hole lies "under" the star between the star and the observer, the angular distribution of the radiation
changes.  We shall take three effects into account:
1)  capture by the black hole of photons emitted with small impact parameters;
2)  deflection of photons emitted at angles near 90º from vertical; and,
3)  the "upward" return of photons that were emitted downward and have undergone a half turn around the black
hole.
A calculation has been done for the following system parameters: distances (in mass units) Dds = 10000 M and
Schwarzschild radius RS = 2M.  For photons emitted almost perpendicular to the axis, we used the approximation of weak
deflection, dsDMbM 22 ==α
)
.
1
  For the photons that are emitted "downward," we used another approximation:
suppose that they are emitted at infinity from a black hole (and not at a distance Dds), which is the standard approximation
for gravitational lensing.  Because of this, we assume that the impact parameter b (the impact parameter at infinity) is
equal to the "geometric" impact parameter for emission of photons by the star, ε−ε= dsds D~Db sin , where ε is the emission
angle reckoned from the vertical (Fig. 1).  For the returning photons, we used the algorithm for calculating the deflection
taken from Ref. 7 and described above.
The results of the calculation are shown in Fig. 3b.  The black region represents the range of emission angles from
which photons are captures by the black hole.  It is also evident that some of the photons initially emitted "upward,"
turn "downward" and that some of the photons emitted "downward," return "upward."  Three characteristic angular regions
are indicated in the figure: A, B, and C.  Region A (because of symmetry, there are two such regions in the figure) is the
angular range for photons emitted at angles greater than 90º from the vertical, but which move "down" because of they
are attracted by the black hole.  Region B (there are two such regions in the figure) is the angular range for photons emitted
at angles close to the critical value (for capture) which undergo a half turn and escape "upwards."  Region C (indicated
in black in the figure) is the angular range for the emitted photons that are captured by the black hole.  The angular size
of region A = 0o.0115, of region B = 0o.0054, and region C = 0o.0298.  In the figure the sizes of all three regions are greatly
enhanced for visibility, but the ratios of the angular sizes of regions A, B, and C are maintained.
The calculations yield two qualitative results, which hold true for other distances Dds  between the black hole and
the star (when the same approximations are used for the deflection angles):
1.  When a black hole is present, more will be radiated "upward" because of the large fraction of photons captured
by the black hole.
2.  The number of photons emitted nearly perpendicular to the vertical and deflected "downward" is greater than
the number of photons which undergo a half turn and escape "upward."
Of course, only a small fraction of the rays deflected into a given half plane reach the observer.  If the observer
is in a straight line with a black hole and a star in the "lower" half plane, then the deflection of photons emitted at angles
1  The deflection angle is bM /4=α)  if a photon is incident from infinity, reaches the distance of closest approach, and flies off to
infinity.  In this case, the photon traverses half this path-- it moves from the point of closest approach to infinity.  Thus, for such a photon,
bM /2=α) .
slightly greater than 90 degrees from the vertical  will generally have no effect on the observations.
Appendix
We examine the two integrals ( )1α  and ( )2α , and show that they are identically equal to one another.
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Fig. 3.  A black hole deflects light emitted by an isotropically radiating source.
The emission direction of a photon is specified by the angle ε relative to the
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The expression under the square root sign is a cubic polynomial in u and we shall decompose it into three
cofactors.  To do this we have to find the roots of the cubic equation 022 3233 =−+− RRuRu .  One of them is easy
to find by taking u = 1/R.  Knowing this root, we can factor the cubic polynomial into the product
( ) ( ) ( )[ ]. 222122 2233233 RRuRRuRRuRRuRu −−−−−=−+−
The quadratic polynomial in square brackets can be factored by separating the complete square:
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Thus, we have reduced the expression under the root sign to the product of three cofactors, i.e.,
( )( )( ) . 1where, 222 33233 RBCuBuAuRRRuRu ≡−−−=−+−
The following formula is given in Ref. 11 (the upper limit is equal to the constant in one of the factors):
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Therefore, we have reduced the original integral to an elliptic integral of the first kind.  The equation given in
Eq. (7) includes the difference of two elliptic integrals (see Eq. (34)), one of which is the so-called complete elliptic
integral (upper limit =1).  It turns out that the integral obtained above is the same as this difference.
The following property of elliptic integrals is given in Ref. 12 (we cite the elliptic integral (10) in our notation):
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